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Abstract. We prove that spiral sinks (stable foci of vector fields) can be 
transformed into strange attractors exhibiting sustained, observable chaos if 
subjected to periodic pulsatile forcing. We show that this phenomenon occurs 
in the context of periodically-kicked degenerate supercritical Hopf bifurcations. 
The results and their proofs make use of a new fc-parameter version of the 
theory of rank one maps developed by Wang and Young. 



1. Introduction 

This paper aims to support the idea that shear and twist are natural mechanisms 
for the production of sustained, observable chaos in forced dynamical systems. Con- 
sider a weakly stable dynamical structure such as an equilibrium point or a limit 
cycle. If shear or twist is present, then forcing of various types can transform the 
weakly stable structure into a strange attractor. The nature of the forcing is not 
essential. Admissible types of forcing include periodic pulsatile drives, determinis- 
tic continuous-time signals, and random signals generated by stochastic processes. 
The strange attractors possess many of the dynamical, statistical, and geometrical 
properties commonly associated with chaotic dynamics. 

We study the simplest weakly stable dynamical structure. This is the spiral 
sink (or stable focus), an equilibrium point of a vector field with the property 
that the linearization of the field at the equilibrium point has a pair of complex 
conjugate eigenvalues a±i(} satisfying a < and P 0- We consider the degenerate 
supercritical Hopf bifurcation in two dimensions. When a generic supercritical Hopf 
bifurcation occurs, the spiral sink becomes unstable and a limit cycle is born. In 
the degenerate case, the spiral sink loses its stability but no limit cycle is born. 
We prove that in the case of the degenerate supercritical Hopf bifurcation, periodic 
pulsatile drives transform the spiral sink into a strange attractor. The analysis is 
certainly not limited to Hopf bifurcations. We work in this context because the 
origin of the shear is transparent in the defining differential equations. 

The analysis is based on the beautiful dynamical theory of rank one maps for- 
mulated by Wang and Young [H 1^ . Speaking impressionistically, rank one maps 
are strongly dissipative maps exhibiting a single direction of instability. Rank one 
theory provides checkable conditions that imply the existence of strange attractors 
for a positive-measure set of parameters within a given parametrized family of rank 
one maps. The conditions appear within the following scheme. 
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(1) Let dissipation go to infinity. This procedure produces the singular hmit, a 
parametrized family of one-dimensional maps. 

(2) Check that the singular limit includes a map with strong expanding properties 
(a map of Misiurewicz type) . 

(3) Verify a parameter transversality condition. 

(4) Verify a nondegeneracy condition. This allows information about the singular 
limit to be passed to the maps with finite dissipation. 

Steps ^ and (jj]) cumulatively require verifying that only finitely many quantities 
do not vanish. For good parameters, parameters corresponding to maps admit- 
ting strange attractors, rank one theory provides a reasonably complete dynamical 
description of the map. 

The attractor supports a positive, finite number of ergodic SRB measures. The 
orbit of Lebesgue almost-every point in the basin of attraction has a positive Lya- 
punov exponent and is asymptotically distributed according to one of the ergodic 
SRB measures. Each SRB measure satisfies the central limit theorem and exhibits 
exponential decay of correlations. A symbolic coding exists for orbits on the attrac- 
tor. This symbolic coding implies the existence of equilibrium states and a measure 
of maximal entropy. Summarizing, the map has a nonuniformly hyperbolic charac- 
ter and exhibits sustained, observable chaos. 

Of the four steps in the rank one scheme, step ([2|) is the most fundamental and 
typically requires the most work. A Misiurewicz map has the property that the 
positive orbit of every critical point remains bounded away from the critical set. 
Existing papers on rank one theory view the singular limit as a one-parameter family 
{fa} of one-dimensional maps. This view makes locating Misiurewicz parameters 
difficult if the maps have multiple critical points. If each map fa has exactly one 
critical point c(a) , then locating Misiurevicz parameters is relatively easy. Assuming 
that /a(c(a)) moves reasonably quickly as one varies a, simply locate an invariant set 
A (a) that is disjoint from the critical set and then choose a* such that fa* (c(a*)) G 
A(a*). The set A(a) could be a periodic orbit or a Cantor set. If the singular limit 
consists of maps with multiple critical points, then one must locate a parameter 
a* for which all of the critical orbits of fa* are contained in good invariant sets. 
This is a serious challenge because good invariant sets such as periodic orbits and 
Cantor sets typically have Lebesgue measure zero. Wang and Young [9] overcome 
this challenge. However, their results assume that the maps in the singular limit 
possess an extremely large amount of expansion. 

We prove that significantly less expansion is needed if the singular limit is viewed 
as an m-parameter family for m sufficiently large. Assume that the singular limit 
consists of maps with k critical points. We prove that if the singular limit is viewed 
as a fc-parameter family, then it contains Misiurewicz points assuming the maps 
are mildly expanding and assuming the parameters are independent in a sense to 
be made precise. This result widens the scope of rank one theory 

We view this work as an element of a growing list of applications of rank one 
theory. The theory has been rigorously applied to simple mechanical systems [5], 
periodically-kicked limit cycles and Hopf bifurcations [10] , and the Chua circuit [6] . 
Guckenheimer, Wechselberger, and Young [1] connect rank one theory and geo- 
metric singular perturbation theory by formulating a general technique for proving 
the existence of chaotic attractors for three-dimensional vector fields with two time 
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scales. Lin [2] demonstrates how rank one theory can be combined with sophis- 
ticated computational techniques to analyze the response of concrete nonlinear 
oscillators of interest in biological applications to periodic pulsatile drives. Lin and 
Young [3J study shear-induced chaos numerically in situations beyond the reach of 
current analytical tools. In particular, they consider stochastic forcing. This work 
supports the belief that shear- induced chaos is both widespread and robust. 

We organize the presentation of ideas as follows. In Section [21 we present the 
main results for periodically-kicked degenerate Hopf bifurcations. In Section [31 
we prove the result concerning the existence of Misiurewicz points in fc-parameter 
families of one-dimensional maps and we present a two-parameter example. Sec- 
tion [4l presents rank one theory viewing the singular limit as a fc-parameter family. 
Finally, in Section [5l we prove the results presented in Section [2l 

2. Periodically-kicked degenerate Hope bifurcations 

The normal form for the supercritical Hopf bifurcation in two spatial dimensions 
is given in polar coordinates by 

r = - af_,r^)r + r^gf_,{r, 0) 

9 = uj + -f^,fi + (3^r^ + r'^h^ir, 9) 

Here is the bifurcation parameter and w is a constant. The multipliers a^i, 7^, 
and j3f^ depend smoothly on /i. The functions and depend smoothly on /i and 
they are of class with respect to r and 9. The normal form for the degenerate 
Hopf bifurcation in two spatial dimensions is obtained by setting = for all /i 
and replacing /i with — /i, yielding 

{■r = -^^'■r + r^g^{r,9) 

\9 = u + -i^li + l3y +r^h^{r,9) 

For /i > 0, the origin is an asymptotically stable equilibrium point (a sink). We 
study (|2.ip in this yit-range. Let Ft denote the flow generated by (|2.ip . We perturb 
the flow Ft with a 'kick' map k defined as follows. Let L > and let p2 > 0. The 
map K = n^,L,p2 is given in rectangular coordinates by 

frcos{9)\ _ f rcos{9) \ 
sin(6l) ) ~ i^r sin(6') + LfiP^- ) 

The composition Ft o k may be thought of as a perturbation followed by a period 
of relaxation. We define an annulus map associated with Ft o k. Let A denote the 
annulus defined by 

A = {{r,9) : /CV' ^ =^ ^4^"'}, 

where K4 > 1 and < p2 < Pi- Let r denote the distance from k{A) to the origin. 
We have f = L^^^ — Kj^^p^ . Define the relaxation time r(/^) by 

For /X sufficiently large, -FV(/j) ° maps A into A. 

The following theorem states that under certain conditions, the annulus map 
F^j^) o K admits a strange attractor for a positive-measure set of values of ji. We 
make the crucial assumption that the twist factor /3o is nonzero. A nonzero twist 
factor implies the existence of an angular-velocity gradient in the radial direction 
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for values of /i in a neighborhood of the bifurcation parameter /i = 0. This angular- 
velocity gradient allows the flow to stretch and fold the phase space, thereby pro- 
ducing chaos. 

The chaos in this setting is sustained in time and observable. The strange attrac- 
tors possess many of the geometric and dynamical properties normally associated 
with chaotic systems. These properties include the existence of a positive Lyapunov 
exponent (jSAip . the existence of SRB measures and basin property ()SA2[1 . and 
statistical properties such as exponential decay of correlations and the central limit 
theorem for dynamical observations (|SA3|) . In addition, if is sufficiently large, 
then the annulus map admits a unique SRB measure (jSA4p . Properties (|SA1|) - 
()SA4p are described in detail in Section [H 

Theorem 2.1. Assume (3q ^ 0. Let p\ and p2 satisfy p2 G (|, 5) and pi + p2 — 1. 

(1) There exists Mo > such that if L ^ J^\' ^^^''^ there exist L* G [L,L -f 
and pq > satisfying the following. The parameter interval (0, po] contains 
a set A — A{L*) of positive measure such that for p G A, the map -FV(/j) ° ^ 
admits a strange attractor with properties IISA1\) . IISA2\) . and jiSA 3\) . The 
set A intersects every interval of the form (0, p] in a set of positive measure. 

(2) There exists Mi '3> Mq such that for all L ^ -j^, there exists a set A = A(L) 
with the properties described in 

(3) If L is sufficiently large and p G A(L), then iSA4\ ) holds as well. 

3. Locating Misiurewicz points 

Let / denote an interval or the circle S^. Let F : / x [oi, 02] x [bi, 62] ^ / be a 
map. The map defines a two-parameter family 5" = {fa.b ■ o, G [01,02], 5 G [61,62]} 
via fa,b{x) = F{x,a,b). Set A = [01,02] and B — [61,62]- We assume that for each 
(0,6) € Ax B, fa^b has two critical points. We label these critical points c(^''(o, 6) 
and c(2)(a,6). Let C = C(o, 6) = {c(i)(o, 6), c(2)(a, 6)}. For 6 > 0, let Cs denote 
the (5-neighborhood of C in /. 

We seek to identify conditions under which J' contains strongly expanding (Mi- 
siurewicz) maps. We now introduce this class. 

Definition 3.1. We say that / G C^{I,I) is a Misiurewicz map and we write 
/ G M if the following hold for some neighborhood V of C. 

(A) (Outside of V) There exist Xq > 0, Mq G Z+, and < do < 1 such that 

(1) for aU n > Mq, if f''{x) ^ F for A: n - 1, then |(/")'(a;)| ^ e^"", 

(2) for any n G Z+, if f''{x) ^ for s$ fc sC n - 1 and /"(x) G V, then 
|(r)'(2:)| ^doe^°". 

(B) (Critical orbits) For all c G C and n>0, f''(c) ^ V. 

(C) (Inside V) 

(1) We have f"{x) ^ for all x G and 

(2) for aU X G V" \ C, there exists Pq{x) > such that f^{x) ^ V for all 
J < poix) and \ifP'>^^'>y{x)\ > do ^e^^oP^^"). 

We first formulate hypotheses that imply the existence of maps in 3^ that satisfy 
Definition OH]). 
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3.1. The general result. Wc formulate the result for two-parameter families con- 
sisting of maps with two critical points. The result generalizes in a natural way for 
fc-parameter families consisting of maps with k critical points. 

The first hypothesis is formulated in terms of the evolutions 

(a, 6) ^ 7^;) (a, b) where (a, b) = /^.(c^ (a, 6)). 

The evolutions {jn^ : n G N} generate critical curve dynamics. Define r„ : 
A X B ^ / X / by r„ = (7i'\ 7^')). 

We now present the general hypotheses. For J C / and e > 0, let denote the 
e-neighborhood of J. Suppose there exist subintervals Ii and I2 of /, subintervals 
Ai C A and A2 C B, Si > 0, and ei > such that the following hold. 

(HI) (Finite Misiurevicz condition) There exists uq £ Z+ such that 
r„o(Ai X A2) D h X I2 and for i e {1,2}, (a, 6) G Ai x A2, and 
n < no, we have 7^ '(a, 6) e / \ Cg^ (a, b). 

(H2) There exist fixed parameters a £ Ai and b E A2 satisfying j,(/i) x 

4sU2)D/^x/|^ 

(H3) For aU (a, 5) e Ai x A2 , we have h x I2 d I\Cs,{a,b) x I\ Cs^ {a,b). 

Proposition 3.2. Suppose 7 satisfies \Hl\) - ni3j) . If 

(3.1) 2V2max{||aaF||c70,||a6F||co}-max{|Ai|,|A2|} < ei, 

then there exists {a*,b*) € Ai x A2 such that for i G {1,2} and for every n £ N, 
ji:\a*,b*)eI\CsAa*,b*). 

Proof of ProvositionUTB. Define G = (/- g, /- g). Applying pIT|) and pl2|) . we have 
G(r„o(Ai X A2)) D X For every'(a, 6) e Ai x A2, we have 

6)-G(r„,(a,fe))|| <£i 

since ei satisfies p.ip . Therefore, r„g_|_i(Ai x A2) D /i x l2- Inductively, r„(Ai x 
A2) D /i X /2 for all rt ^ no. Define 

vi/„, = (AixA2)nr-^i(/ix/2). 

For 71 > no, define 

= nr~^i(/i X I2). 

Let 

00 

k—no 

and choose (a*, 6*) e 'I'. ■ 

3.2. Verifying ()H1[1 . We present a two-step procedure for the verification of hy- 
pothesis [HT] First, we assume that Fi is a diffeomorphism on Ai x A2. This implies 
that the image of Ai x A2 contains a rectangle in / x /. Second, if we assume that 
each map is expanding on / \ Cg-^ , then the evolutions ^'^^^ and 7^^^ will enlarge 
the rectangle to macroscopic size. The required time for this enlargement depends 
upon the magnitude of the expansion. Therefore, greater expansion results in a 
smaller value of no. We now make these ideas precise. 
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Suppose that Fi is a diffeomorphism on Ai x A2 such that for i e {1, 2} and for 
every (a, 6) G Ai x A2, we have 7^*' (a, 6) g / \ Cs^ ■ Define 



J{a,b) 



Assume that there exists fco > such that \J\ ^ ko on Ai x A2. This imphes that 
ri(Ai X A2) contains a box with side length bounded befow by 

^min{|Ai|,|A2|}, 

where 

Am = sup sup{|A| : A is an eigenvalue of DTlDTi}. 

(a,6)GAixA2 

Now suppose that for every (a, 6) e Ai x A2 we have 1/^ f,| ^ K > 1 on / \ Cs^. 
Lower bounds on K will be given as the discussion proceeds. 

We choose K based on the magnitudes of the partial derivatives of 7^^'' and 7^^^ 
Assume there exists p > such that on Ai x A2 we have 

(1) \da-/[^^\^ poY 1967^'! ^p, and 

(2) \dal['^\^por\d,jP\^p. 

Suppose for the sake of definiteness that ([1]) and ([2]) hold with respect to the 
operator da- We now relate spatial and parametric derivatives. The equation 

(3.2) ^7it(«,fc) = faMH'^,b)) ■ §^li'Ha,b) + |^(7W(a,6),a,6) 

implies that parametric derivatives grow exponentially provided that spatial deriva- 
tives grow exponentially. If K satisfies 

Kp-\\daF\\co ^ ^K, and 

J=2 



then (|3.2p implies that 

(3.3) \dal^:Ha,b)\^^K- 

provided 7^*^(0,6) G / \ Cs^ for j < n. Hypothesis IHll may be verified as follows. 
Look for a time hq such that for i e {1,2}, 7no(Ai x {b}) D li for every 6 e A2 
and 7k\a, b) e I\ Cs, for all k < no and (a, 6) e Ai x A2. By we have 

2AMniax{|/i|,|/2|} 



if" 



fc2niin{|Ai|,|A2|} ' 



3.3. A tvifo-parameter example. Let = M/27rZ. Let $ : S"! ^ M be a 

function with two nondegenerate critical points c^^^ and c^^\ We assume that 
^(cS^^) ^ $(c'^^^). Fix ( £ S^. Consider the two-parameter family of circle maps 
J = {f^j^ ■.aeS\Le R+} defined by 

fa,L{^) ^ C + + a. 
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Small perturbations of this family frequently arise as singular limits of rank one 
families. 

Definition 3.3. We say that (a, L) is a Misiurewicz pair if fa.L G 3Vf. 
The goal of this subsection is to prove the following result. 

Theorem 3.4. There exists Lq > such that if L ^ Lq, then there exists a 
Misiurewicz pair (a* , L*) with L* G [L, L + 2'n-/\^{cS'^'>) - ^{c^'^'>)\] and a* G [0,27r). 

Remark 3.5. Misiurewicz points occur with greater frequency as L increases. 
Wang and Young [9] prove that there exists Li ;» Lq such that if L ^ Li, then 
fa,L e M for a C'(l/L)-dense subset of parameters a £ [0, 2tt). 

Proof of Theorem \3.4\ We prove Theorem 13.41 in two steps. We first show that for 
L sufficiently large, if fa.L satisfies Definition l3.1l|B|) . then fa.L & M. We then prove 
the existence of parameters for which fa.L satisfies Definition 13 . 11|B|) . Set / = fa,L 
for the sake of simplicity. 

Let ki = imin{$"(c(i'),$"(c(2))}. There exists §2 = (52($) such that jc^^) - 
c(^)| > 2S2 and |$"| > ki on Cg^. Notice that |/"| > kiL on Cs^- At this point 
we introduce the auxiliary constant K. This constant will be used to bound the 
derivative of / from below away from the critical set. Lower bounds on K will be 
given as the proof develops. We choose K before we choose L. Let a = 2k^^ 
and assume ^ < 62- For x e Cg.-^ \ Ci„ we have |/'(x)| ^ K^. Choose L sufficiently 
large so that |/'| ^ outside Ci^. Summarizing, the map / has the following 
properties. 

(PI) \f"\>k^LonCs, 
(P2) l/'l ^ outside Ci^ 

The following recovery lemma asserts that if an orbit visits a small neighborhood 
of a critical point, then the derivative along this orbit regains a definite amount of 
exponential growth as this orbit tracks the orbit of the critical point for a period of 
time. Set K2 = \\^\c^. Let V ^ {x € : \ f'[x)\ ^ K} and note that V C Ci^. 
Together with (jPl[) and (|P2p . Lemma [5TBl implies that if / satisfies Definition 13.1 1|B|) . 
then / G M. 

Lemma 3.6 (Recovery estimate). Let c G C be such that f"{c) ^ Ca for all 
n G N. For x € V, let n{x) be the smallest value of n such that |/"(x) — 
/"(c)| > j^K^L^'^. We have n{x) > 1 and |(/"^''^)'(x)| > fcai^"^^) for some 
ka = k3{ki,K2). 

The proof of Lemma 13.61 uses the following distortion estimate. 

Sublemma 3.7 (Local distortion estimate). Let x, y E S^. For i G Z+, let 

LOi denote the segment between f^{x) and f^{y). If n E Z+ is such that \LJi\ ^ 
^K'^L-^ and d{uj„ C) ^ \a for all i < n, then [CUf'] ^ 2. 



8 



WILLIAM OTT 



Proof of Sublemma\3.7\ We have 



i=0 
n-1 

'i=0 
n-1 



\f'{f{y))\ 
LK2\fK^)-p{v)\ 



i=0 



LK2 



if3 

provided K is sufficiently large. I 

Proof of Lemma lKR We first show that n{x) > 1. Since x E V, we have 

i^^^l/'(^)|-|/"(7i)|-N-c| 

and therefore 

\f/ \ W ^\f"l- Ml |2 ^ I/" (72)1 ^ ll'J'"llco 

l/(-)-/WI = 2l/ (72)1 • I:. -c| ^^JJT^K ^ . 

We may assume the final quantity is less than j^K^L^^ . If n{x) = 2, then 
Sublemma 13.71 implies 

^ -K'L-' < \f^ix) fHc)\ = |(/2)'(73)| • |x - cK 2|(/^)'(x)| • |x - c|. 



This inequality coupled with the estimate |x — c| ^ a ™pliss 

l(/^)'(-)l > 

Now assume n = n{x) ^ 3. Applying Sublemma l3 . 71 to estimate |/"^^(a;) — /"^^(c)| 
and I /"(a;) — /"(c)!, we have 

(3.4) i|/"(72)| • |x-cp • i|(r-^)'(/(c))| ^ 

(3.5) i|/"(72)| • \^ - • 2|(r-i)'(/(c))| > ^^'^-^ 
The recovery estimate follows from the lower bound 

i(r)'(^)i;^^i/"(7i)i-|:^-c|.|(r-i)'(/(c))|. 

Replacing |(/"~^)'(/(c))| with the lower bound provided by (|3.5p and then replacing 
I a; — c|~^ with the lower bound provided by (|3.4|) yields 

l(r)'(^)i 5^^^""^ ^ 

5 A 2 O^'i 2 
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We have shown that for L sufficiently large, if / satisfies Definition 13. lljBjl . then 
/ e M with V ^ {x : \!'{x)\ < K}. We now find a* e [0, 27r) and L* G 

[L,L+27r/|<I>(c(2))-$(c(^))|) such that fa-x' satisfies Definition [37T1(B)) by applying 
Proposition 13. 21 Additional lower bounds on K will be given as the need arises. 

Hypotheses (|Hip - (jH3p are verified as follows. Let z e S*^ be such that c?(z, C) ^ 
d{y,C) for all y e S^. We have d{z,Ci^) > f - iff. There exists a € [0, 27r) and 

L e [L,L + 27r/|$(c(2)) - $(c(i))|) such that -f[^\&,L) = 7^^(5,1) z. This is so 
because 

\dLli'\a,L)-dLl['\a,L)\ = |<i>(c(2)) - $(cW)|. 
Referring to the setting of Subsections 13. f I and 13.21 we have J{a,L) = $(c'^^-') — 
$(c(i)) and we therefore set ko — |<i>(c^^^) — <i>(c^^^)|. Let Ai be a parameter interval 
in a-space of length ^j^K^"^ centered at a and let A2 be a parameter interval in 

L-space of the same length centered at L. We assume K is sufficiently large so that 
A2 C [L,L + 27r/|$(c(2)) - $(c(i))|). The image ri(Ai x A2) contains a box such 
that the length of each of the sides is equal to K~^. Let Ii and I2 be the vertical 
and horizontal projections of this box onto /, respectively. Since 

|7«(a, L) - max{l, |$(c(i))|, |ci>(c(^))|} • ^if-^ <l~r 

for i £ {1, 2} and for all (a, L) £ Ai x A2 provided K is sufficiently large, we have 
/i C 51 \ Ci^ and hcS^X Ci„. 

By construction, (IHip is satisfied with no = 1 and the intervals Ii and I2 sat- 
isfy jHS]). Setting £1 = 1, (|H2| is satisfied because \f'^^^\ ^ 5-1 \ (^^^ fo^. 
(a, L) e Ai X A2. If is large enough so that (|3.ip holds, then the application of 
Proposition 13.21 with 5i ~ jcj produces a Misiurewicz pair (a*,_L*) e Ai x A2. ■ 

4. Theory of rank one attractors 

Let D denote the closed unit disk in R"~^ and let M — y. D. We consider a 
family of maps Ta^b ■ M M, where a = (ai, . . . ,ak) C is a vector of parameters 
and b G Bq is a. scalar parameter. Here $7 = i7i x • • • x C M*^ is a product of 
intervals and i?o C M \ {0} is a subset of R with an accumulation point at 0. Points 
in M are denoted by (x,?/) with x G and y £ D. Rank one theory postulates 
the following. 

(Gl) Regularity conditions. 

(a) For each b £ Bo, the function {x, y, a) 1-^ Tafi{x, y) is . 

(b) Each map Ta.b is am embedding of M into itself. 

(c) There exists Ko > independent of a and b such that for all a £ ft, 
b £ Bq, and z, z' £ M, we have 

\detDTa,biz)\ 
\det DTa.Az')\ " 

(G2) Existence of a singular limit. For a £ fl, there exists a map : 
M X {0} such that the following holds. We select a special index 

j £ {1, . . . , k}. For every fixed set {ui £ fli : i j}, the maps (x, y, aj) 
Ta,b{x,y) converge in the topology to {x,y,aj) ^ Tafi{x,y). Identifying 
5*^ x {0} with 5^, we refer to Ta^ and the restriction fa'-S^^ defined 
by fa{x) — Tafi{x, 0) as the singular limit of Ta^b- 
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(G3) Existence of a sufficiently expanding map within the singular limit. 

There exists a* = {al, . . . ,al) e such that fa' G M. 
(G4) Parameter transversality. Let Co* denote the critical set of fa* ■ Define 
a,j — {al, . . . , a*_i, aj, a^+i, • ■ • , a^)- We say that the family {fa} satisfies 
the parameter transversality condition with respect to parameter aj if 
the following holds. For each x € Ca* , let p = f{x) and let x{aj) and p{aj) 
denote the continuations of x and p, respectively, as the parameter aj varies 
around a*. The point p{aj) is the unique point such that p{aj) and p have 
identical itineraries under /g^ and fa' , respectively. We have 



(G5) Nondegeneracy at 'turns'. For each x e Cq., there exists 1 ^ £ ^ n — 1 
such that 

^T„.,o(x,0) ^0. 

(G6) Conditions for mixing. 

1 , 

(a) We have e3 " > 2, where Aq is defined within Definition 13. II 

(b) Let Ji, . . . , Jr he the intervals of monotonicity of fa' 
the matrix defined by 



Let Q = (qij) be 



1, iifa'W^Jj, 
0, otherwise. 

There exists iV > such that > 0. 

The following lemma often facilitates the verification of ()G4[1 . 

Lemma 4.1 ([3 Hj). Let f = /„. . Suppose that for all x G Co* 



E 

k=0 



m'if{^))\ 



< oo. 



Then for each x G Cq. , 

^ AidaJa,)ifH^))]a,=a'^ 



E 

fe=0 



da 



Rank one theory states that given a family {Ta^} satisfying (jGl|) - (jG5p . a 
measure-theoretically significant subset of this family consists of maps admitting 
attractors with strong chaotic and stochastic properties. We formulate the precise 
results and we then describe the properties that the attractors possess. 

Theorem 4.2 ([SlI]). Suppose the family {Ta,b} satisfies ^Gl\) -liG3 \) and HG^) . 

For all 1 ^ j ^ k such that the parameter aj satisfies liG4\ ) and for all sufficiently 
small b £ Bq, there exists a subset Aj C ilj of positive Lebesgue measure such that 
for Oj G Aj, Ta^b admits a strange attractor A with properties iSAl]} . I[SA2\) . 
and (SZM)- 

Theorem 4.3 ([8l[9l[2]). In the sense of Theorem\4^ 

m\)-(m=^ (sAi\)-(sA4\)- 
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(SAl) Positive Lyapunov exponent. Let U denote the basin of attraction of 
the attractor A. For ahiiost every {x, y) G U with respect to Lebesgue 
measure, the orbit of {x,y) has a positive Lyapunov exponent. That is, 

lim -log||i:)r"(x,?/)|| > 0. 

n — ^oo n 

(SA2) Existence of SRB measures and basin property. 

(a) The map T admits at least one and at most finitely many ergodic 
SRB measures all of which have no zero Lyapunov exponents. Let 
I'l, ■ ■ ■ ,Vr denote these measures. 

(b) For Lebesgue-a.e. (x, y) G U, there exists j{x) e {1, . . . , r} such that 
for every continuous function :[/—!■ R, 

^ n-1 

-^^viT'ix^y)) / Vdvj(^). 

(SA3) Statistical properties of dynamical observations. 

(a) For every ergodic SRB measure v and every Holder continuous func- 
tion (y5 : A ^ M, the sequence o T* : i £ Z+} obeys a central limit 
theorem. That is, if J (p dv = 0, then the sequence 

n— 1 

converges in distribution to the normal distribution. The variance 
of the limiting normal distribution is strictly positive unless ip o T = 
o T — tp for some tp. 

(b) Suppose that for some N ^ 1, has an SRB measure v that is 
mixing. Then given a Holder exponent 77, there exists t — T{ri) < 1 
such that for all Holder (p, ip : A M. with Holder exponent rj, there 
exists L ~ L{(p, ip) such that for all n E N, 



{ipoT"-^)iPdiy- I Lpdv I iPdv 



< L{lp,1p)^ 



(SA4) Uniqueness of SRB measures and ergodic properties. 

(a) The map T admits a unique (and therefore ergodic) SRB measure v, 
and 

(b) the dynamical system (T, v) is mixing, or, equivalently, isomorphic to 
a Bernoulli shift. 

5. Proof of Theorem 12.11 

5.1. Degenerate Hopf bifurcation: the reduced equations. We study the 
two-dimensional system 



(5.1) 



r = —fir 

= uj + jf_,fi + pi^r"^ 



System (|5.ip is obtained from (|2.ip by setting ~ = Q. Let Ft denote the flow 
of (|5.ip . For jjL sufhciently large, -FV(;i) ° ^ maps A into A. The study of this annulus 
map is the central goal of this subsection. 
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We introduce a new coordinate system in order to standardize the position and 
size oi A. Let r = ii^^z. Written in terms of z and 9, system (|5.1|) becomes 



(5.2) 



z = — /iZ 

e = uj + j^fi + n'^p' p^z"^ 



Let Gt denote the flow associated with (|5.2p . The kick map k is now given in 
rectangular coordinates by 

/ZC0S(6')\ _ / Z 008(0) \ 

\zsm{0) J ^ l^zsin(6l) + L^iP^^P^ J 
We have A — {{z,6) : K^^ ^ z ^ K4}. The relaxation time r(/i) is given by 

(5.3) ze-''^('') = 1, 

where z = L^p^~p^ — K4. Let = ^T{fj.} ° For /i sufliciently large, maps A 
into A. We now derive : A A explicitly. 

Let {zo,6o) e A. Writing k{zo,6o) = we have 

(5.4) + 2LiiP'-P'zo sin(0o) + LV'^'''"'''^ 

0i = ^-tan-i ( V 

2 Vzosin(6lo) + 

Integrating (|5.2p and writing Gt o k — {z{t), d{t)), we have 
z{t) = 2ie-^*, 

9{t) =0,+ t{uj + 7^/i) + ^;,2pi-1^2(^ _ ^-2^.ty 

Evaluating 9{t{ii)) using (|5.3p . we have 

(5.5) 0(r(M)) = (?i + (c. + 7^M)r(A^) + ^^m'"^"^ - |}) • 
Replacing the first occurrence of z\ in ()5.5|) with the right side of ()5.4|) . we obtain 

e{T{^Ji)) =e,+ ^(aO + ^ (^A^^^^-^^o' + 2Lzosin(0o)M''^+''^-' - A^'"^"'^) ' 



where 



C(/i) = (c^ + 7mMMa*) + V^-^ 



The second component of is given by 

We wish to show that the family {4"^} converges to a singular limit as /i ^ 0. 
This cannot be accomplished directly because ^(/z) diverges as /i ^ 0, preventing 
the convergence of 0(r(/i)). We overcome this difflculty by taking advantage of the 
fact that 9{t) is computed modulo 2tt. Assume that > 0. For jj, sufficiently small, 
^(a*) is monotone. In addition, — s- 00 as a^ — > 0. Let {pLn) be a sequence such 
that Atn ^ monotonically, ^ is monotone on (0, a^i], and £,{nn) € 27rZ for all n G N. 
We introduce the parameter a e [0, 2-k) and write in terms of a. For n e N 
and a G [0, 27r), let fJ.{a,n) = £,^^{^{^J,n) + a)- When referring to fj,{a,n), we will 
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henceforth suppress the dependence on n and simply write /i(a). The problematic 
term ^(/i) becomes ^{p{a)) ~ a. Writing 'l'^(a) — Ta^L,n„, we have 

2L^i{ay^+P^-^zo sin(0o) - /i(a)''''"'S 

z^ 

where T^^^ and T^^^ are the components of T. Let pi and p2 satisfy i < pi < 1 
and pi + j02 = 1- Then as n — > oo, Ta,L,/i„ converges in the C° topology to the map 
Ta,Lfi defined by 

^iio- f +/?oizosin(0o) + a. 

The following lemma asserts that the convergence is strong enough for the applica- 
tion of rank one theory. 

Lemma 5.1. Fix L > 0. The maps (20,6*0,0) i~> Ta,L,fi„{zo,9o) converge in the 
topology to the map (zq, Oq, a) 1— > Ta^Lfli^o, 9q) as n 00 on the domain A x [0, 27r). 

Proof of Lemma [571\ Holding a fixed, the derivatives of 0i, and of orders 1, 
2, and 3 with respect to zq and 9o are 0{ij.p^^p^). When differentiating with respect 
to a, use the fact that for z = 1, 2, 3, 



log(p„^))' 



We finish this subsection with a distortion estimate. 

Lemma 5.2 (Distortion estimate). Let < L2 < L3. There exists Kd > such 
that for aZ/ n e N, a e [0, 27r), L G [L2, L3], and {zq, Bq), (zg, O'q) G A, we have 

|detOT,,L,^„(zo,0o)| ^ ^ 



\detDTa^L,^,Xz'o.d'o)\ 
Proof of Lemma \5.'A Recall that Ta^L,^^ — G'r(/j(a)) ° We bound the distortion 
by analyzing G and k independently. Let (20,6*0), {zqtQ'q) G -A. Writing ^ = Ai(a), 
det Dk{zq, 6*0) is given by 

^3 ^ ^P2-Pi . iz^^i + sin(go) + /z^(p^-Pi) ■ L^(l + {zq ~ 1) cos2(0o)) 
zi((zosin(6io) +L/i''^-''i)^ + 2ocos2(6'o)) 
This explicit formula implies the estimate 

deti:'K(2o,6'o) ^ 
detD«;(4,6i^,) ^ 

Now set G = GT-(^(a)). For any point in k{A), the determinant of the derivative of 
G is precisely z^^. Therefore, 

deti:'G(zi,6li) _ 
det DG{z[,e[) ~ ■ 
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5.2. Inclusion of the higher-order terms in the normal form. We show that 
the inclusion of the higher-order terms in the differential equations defining the 
flow does not affect the form of the singular limit derived in Subsection 15.11 Set 
r = fiP^ z and = 6. Written in terms of z and 9, the normal form (|2.ip becomes 

i = -^z + ^^P'z^g^ifiP'zJ) 



(5.6) 



= uj + + p^n^p'z^ + ^l^p'z^h^i^ip'z,t 



Let Gt denote the flow generated by (15. 6p . We define the family {T} on A by first 
applying the kick map n and then allowing the Gj-flow to return k(A) to A. Set 

Ta,L.fi„ = Gritiia)) ° 

Lemma 5.3. Fix L > 0. If p2 > ^, then the maps {zo,9o,a) Ta,L,/j„(-ZOi ^o) 
converge in the topology to the map {zq, 9o, a) i-^ Ta,L,oizo, 9o) as n ^ co on the 
domain A x [0, 27r). 

Proof of Lemma \5.3[ Computing the first component of Gt o k, we have 
z{t) = zie-f"' (^1 + fi-^P' z:[^eP'z{sfgf,{fiP'z{s),9{s))ds^ 

where the perturbative term ((t) is defined by 

(5.7) C(t) = ^l^P'e-^^' f e^^' z{sf g ^{^lP' z{s) , 9{s)) ds. 

Jo 

Computing the second component of Gt o k, we have 0{t) = 9{t) + 9{t), where 



9{t) =p^^i'P^ 



2/"! 216-2^" / e^'z{s)^g^{pP'z{s)J{s))ds 
Jo 

(5.8) +/''ie-2f- (^J\^^^z{s)^g^{^iP'zis),9{s))ds^ 

+ ^i^P' [ z{s)^h^{nP'z{s),9is))ds. 



2 n 

dv 



In order to establish convergence, it suffices to show that the perturbative terms 
C{T{fi{a))) and 9{T{fi{a))) converge to in the C° topology as n ^ oo. Estimating 
the integrals in (|5.7p and (|5.8p . we obtain 

aT{^,))=o{p'p^-p^-Hogi^,-')), 

0>(m)) -0(/''^-^(log(/.-i))2) +0(/.i"''-3(log(M-i))3). 
Since p2 & (|, ^) and pi G |), we have 

||C(r(Ai))||co^Oand||0>(M))||co^O 

as ^ — > 0. 

We complete the proof of Lemma 15.31 by showing that 
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for 1 ^ z ^ 3. In light of Lemma lO] this estabhshes the asserted convergence. 
Since HZ^'kHc-o is bounded for 1 ^ z ^ 3, it is sufficient to show that \\D'^G^(^f^(^a)) ^ 
-C''G't-(^(£i)) 11(70 for I ^ i ^ 3. We use the foUowing elementary Gronwall-type 
lemma. 

Lemma 5.4 {\10\). Let A C be a convex open domain. Let W and W be C 
vector fields on A. Suppose that for t e [0,io], <^ and Lp solve the equations 

^ = Wi^) and^ = W{^) 
with ip(0) — </3(0). Then for all t G [0,to]; we have 

A2 

where 

N 

Ai — sup \\W{x) -W{x)\\ andAa = ^ sup II II . 

We rescale time in (|5.2p and (|5.6[) by setting t = t'T{ii{a)). Let 77 and ij denote 
the rescaled vector fields. We have 

U<^>=T(Ma))(-/i;^) 

[tj^^^ ^Ti^,ia))iu; + j^fi + fi'P^(3^z') 

\ r)<2) = T{ii{a))iLU + j^fi + pf^fi^P'z^ + fi'^P'z^ipP'zJ)) 

We explicitly treat the case i = 1. The cases i = 2 and i = 3 are handled using 
the same technique. Apply Lemma [5.41 with (p — DG, (p — DG, W = Di), W = 
Dr], and t = 1. The quantity A2 is bounded. Therefore, the estimate Ai = 

0(^5p2-pi-iiog(-^-i)) iniplics that 

(5.9) \\DGi - DGiWco = Oifi^P^-P'-^ log(/^-i)). 



5.3. Verification of (|Gl|) - (jG6p . Theorem 12 . 1 1 follows from an application of The- 
orems 14.21 and 14.31 Statements ^ and ^ of Theorem 12.11 require the verification 
of ([GT 1) -([G5 l) for the family {Ta.L.j^J. Statement © of Theorem [O requires the 
additional verification of (|G6|) . 

We proceed with the verification of statement ([T]) of Theorem 12.11 Proper- 
ties (jGip (faj) and (|G1|) (jb|) follow from the general theory of ordinary differential 
equations. For ()Gip ([cj). it suffices to show that the distortion of G^(^fj^(^a)) is bounded 
because the distortion of k is bounded. Using (|5.9p . we have 



£1 £2 



where ej = 0{fi^P^-P'-'^ log{fj.-^)) for 1 ^ j s$ 4. Since p2 > |, ^ ^ as ^z 
for 1 J ^4. Therefore, we have 

detpG,(^(,))(zi,0i)) =i-i +0(^5''^-''i-ilog(A.-i)). 
This estimate implies that the distortion of Gt-(^(o)) is bounded. 
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Lemma [5.31 establishes ()G2[1 . Let /a,L denote the restriction of I q to the 
circle — {{zo,6o) : zq — 1}. We have 

/a,L(0) = |+/3oisin(0)+a. 

Applying Theorem EH with $(6*) = sin(6l), c^^) = f, and c^^) = if i is 
sufficiently large then there exist L* E [L,L + and a* E [0, 27r) such that 
fa*,L* G M. This is ()G3[1 . We establish parameter transversality ()G4[1 by ap- 
plying Lemma l4Tl Write / = fa',L' and /o = /o,l*- We have dafa{-) — 1 and 
\{f'')' {f {x))\ ^ A'''. Therefore, the absolute value of the left side of (|4T|) is bounded 
below byl — ^^jii'^'''. This quantity is positive \i K > 2. For (|G5|) . observe 
that 

dzoT^aloi^^ =(3oL^Q and a^oTj'^ ^(1, c^^)) = -/JpL ^ 0. 
This completes the verification of statement ([T]) of Theorem 12.11 

Statement ([2]) of Theorem l2.1l follows from the fact that for all L sufficiently large, 
fa.L G 3V[ for a C'(L^^)-dense set of values of a. Wang and Young 9 prove this 
result in a slightly different context. The proof for the family {fa,L} is essentially 
the same. 

Statement ^ of Theorcm l2.1l rea uires the verification of the conditions for mix- 
ing ([GB]) . Property (fG6|) ([aj) holds provided e^" = AT > 8. Property ([G6|) ([b|) is 
satisfied with TV = 1 provided L is sufficiently large. 
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